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Abstract. Heavily doped semiconductors have emerged as low-loss and tunable materials for plasmonics
at mid-infrared frequencies. We analyze the nonlinear optical response of free electrons and show how nonlinear
optical phenomena associated with high electron concentration are inﬂuenced by the intrinsic properties of
semiconductors, namely background permittivity and effective mass. We apply our recently developed
hydrodynamic description that takes into account nonlinear contributions up to the third order, usually
negligible for noble metals, to compare third-harmonic generation from InP, Ge, GaAs, Si, ITO and InSb. We
show how free electron nonlinearities may be enhanced with a proper choice of the semiconductor.
Keywords: Semiconductor plasmonics / infrared photonics / nonlinear optics / hydrodynamic model /
third-harmonic generation

1 Introduction
Nonlinear optical phenomena are in general very weak and
normally require high laser intensities and long light
propagation distances in macroscopic nonlinear crystals to
reach operational efﬁciencies. As a consequence, building
integrated nanophotonic platforms based on nonlinear
optics can be very challenging. A possibility to face these
issues is given by the application of plasmonics to nonlinear
optics. Taking advantage of ﬁeld localization and ﬁeld
enhancement provided by plasmonic modes, one can
concentrate and control the light at the nanoscale.
Plasmonic nanoantennas made of noble metals are often
used as local-ﬁeld ampliﬁers in hybrid systems to boost
optical nonlinearity from dielectric material placed in their
vicinity [1–14]. However, the nonlinear response may also
originate directly from the plasmonic material itself and, in
particular, from the dynamics of nonequilibrium free
electrons (FEs) [15–20]. Nevertheless, high losses, high
reﬂectivity and, sometimes, poor compatibility with the
common techniques for nanofabrication used in silicon
microelectronics, have limited a widespread application of
noble metal plasmonics for practical devices. In this
context, heavily doped semiconductors (i.e. with charge
* e-mail: federico.deluca@iit.it

densities n0 ∼1019  1020 cm3 ) have been introduced as
alternative materials for plasmonic applications [21,22].
Indeed, they can provide lower losses, a tunable optical
response (through doping and electrical or optical
modulation), and most of them are compatible with
large-scale nanofabrication techniques [23].
The ﬁrst consequence of using heavily doped semiconductors is that the plasma wavelength is in the nearinfrared (NIR), i.e., 0:8 < l < 2 mm, or in the mid-infrared
(MIR), i.e., 2 < l < 20 mm, l being the free-space wavelength. This opens a new realm of applications for
plasmonics, for example, in sensing, due to the overlap
with the so-called molecular ﬁngerprint spectrum [23], and in
free-space telecommunications, since the 3–5 mm and the
8–13 mm atmospheric transparency windows are less affected
by atmospheric turbulence, clouds and fog [24]. It will be
shown later in this work that third order FE nonlinearities
are inversely proportional to the square of the charge density,
and, since the values of charge density in heavily doped
semiconductors are three orders of magnitude smaller than in
noble metals, another consequence of a long plasma
wavelength is that third-order nonlinear effects can be up
to six orders of magnitude larger in doped semiconductors if
compared to traditional plasmonic metals.
We recently used a hydrodynamic model to describe FE
nonlinear optical dynamics in heavily doped semiconductors, investigating FE contributions to the third-harmonic
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generation (THG) process through the derivation of
nonlinear hydrodynamic terms up to the third order. We
have shown that, contrarily to noble metals at optical
frequencies, THG in heavily doped semiconductor is
predicted to be strongly driven by hydrodynamic nonlinearities and that cascaded contributions might be
extremely important [25].
In our previous work we considered a single semiconductor, indium phosphide (InP), focusing our analysis on
the development and on the physical predictions of the
model. However, the large variety of semiconductors with
different effective electron mass and doping levels gives
access to a wide range of possibilities to optimize and increase
intrinsic nonlinear effects. In this article, going toward a
practical application of the concept, we complement our
study on FE nonlinearities in heavily doped semiconductors,
comparing the THG efﬁciencies of several semiconductors,
namely InP, germanium (Ge), gallium arsenide (GaAs),
silicon (Si), indium thin oxide (ITO) and indium antimonide
(InSb), in order to show how the properties of the material
may inﬂuence the harmonic generation.

2 Model
To describe nonlinear light-matter interactions in a FE gas
like in heavily doped semiconductors (but also in noble
metals), one needs to couple a constitutive relation that
describes the intrinsic nonlinear dynamics of the electrons
to the wave equation. Within the hydrodynamic formalism
[26–28], the many-body dynamics of a FE ﬂuid, under the
inﬂuence of external electric- and magnetic-ﬁelds Eðr; tÞ
and Hðr; tÞ, can be described by the following equation:
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where m is the electron effective mass, e the elementary
charge (in absolute value), m0 is the magnetic permeability of
vacuum and g is the damping rate. In this equation two
macroscopic variables are considered, the charge-density
nðr; tÞ, and the current density Jðr; tÞ ¼ env, with vðr; tÞ
being the electron velocity ﬁeld. The last term in equation (1)
takes into account the nonlocal effects due to the quantum
pressure. Indeed, T T F ½n is the kinetic-energy functional in
the Thomas-Fermi (TF) approximation, whose functional
TF
2
derivative with respect to n is dT dn½n ¼ 53 cT F n3 , with
2
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cT F ¼ ħm 10
ð3p2 Þ3 [29]. The introduction of an electron
pressure term in the FE model accounts for the fermionic
nature of the charge carriers, which cannot be compressed in
an inﬁnitesimally thin layer. However, within the TF
approximation, the equilibrium charge density n0 is assumed
to be constant inside the semiconductor and abruptly go to
zero outside. This is not necessarily true in correspondence of
the semiconductor surface, where there can be small
variations of the density. In any case, we assume that these
effects can be neglected. In addition, we neglect electron spillout and apply hard-wall boundary conditions.

Following a perturbative approach and expanding all
the ﬁelds up to the third order as described in reference [25],
the nonlinear response of FEs in heavily doped
semiconductors, i.e. equation (1), can be rewritten taking
into account the polarization ﬁeld Pðr; tÞ as follows:
n0 e2
ð2Þ
ð3Þ
E þ b2 ∇ð∇⋅PÞ þ SNL þ SNL
ð2Þ
m
:
where P ¼ J, with time derivatives are expressed in dot
::
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notation. Here, b2 ¼ 10
9 m n0 , while SNL and SNL are the
second- and third-order nonlinear sources, whose expressions
are
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Assuming harmonic ﬁelds within the undepleted pump
approximation and coupling the previous expressions to
Maxwell’s wave equation, as described in reference [25], full
sets of hydrodynamic equations can be derived for the
speciﬁc nonlinear process of interest. We solved these
equations numerically using the ﬁnite-element method
within a customized frequency-dependent two-dimensional
implementation in COMSOL MULTIPHYSICS [30].

3. Preliminary discussion
Let us consider the THG process, in which a signal
oscillating at 3v is generated from a pump ﬁeld at v after its
nonlinear interaction with the medium. To investigate the
THG arising from FE nonlinearities in heavily doped
semiconductors, we study a plain geometry, namely a 1 mm
thick slab, for simplicity in air. On top of the Drude-like
dispersion described by equation (2), we consider a local
permittivity contribution, e∞ ; in the semiconductor linear
response, such that, neglecting nonlocal effects, we retrieve
v2P
the usual dielectric function eðvÞ ¼ e∞  v2 þigv
, where
qﬃﬃﬃﬃﬃﬃﬃ
2
vP ¼ ee0nm0 is the plasma frequency of the material, being
e0 the dielectric constant of vacuum. As it can be seen in
Figure 1, we consider a plane wave impinging on the
geometry with a certain angle of incidence u. For the sake of
simplicity, we only consider reﬂected
 GW THG, while the pump
W
peak intensity is I 0 ¼ 10 mm
2 1 cm2 Þ; that corresponds to an
input electric ﬁeld of E0 ¼ 8:7  107 V=m, a value that can
be obtained with a commercial difference-frequency
generation source based on ultra-fast laser pulses, and
that is also close to the estimated breakdown ﬁelds of
heavily doped semiconductors. The THG efﬁciency can be
obtained by normalizing the power of the generated signal
to the input power at the fundamental frequency

F. De Luca et al.: EPJ Appl. Metamat. 9, 13 (2022)

Fig. 1. Schematics of the studied geometry: a transverse
magnetic mode impinging on a slab of highly doped semiconductor with an angle of incidence u. The simulated slab is assumed
to be in air and 1 mm thick.

h ¼ I G =I 0 , where I G is the generated intensity. Since we
are considering third-order nonlinearities, I G is expected to
be proportional to I 30 , therefore h will scale with I 20 .
In Figure 2d we report the curves for the efﬁciencies h
obtained when all the contributions to THG are taken into
account. These include hydrodynamic (direct and cascaded) and intrinsic nonlinearities. The other plots refer to
isolated nonlinear sources, discussed as follows. Figure 2a is
obtained by taking into account only the third order
hydrodynamic nonlinear source term, i.e. equation (4). All
the terms in equation (4) are surface-like terms, because
they depend on the divergence of the polarization. As it can
be seen in Figure 2a, the efﬁciency is zero at normal
incidence and it grows with the angle of incidence, peaking
at around 70°. This is due to the fact that, at normal
incidence, the electric ﬁeld is parallel to the slab, as a
consequence there cannot be oscillations in the ﬁnite
dimension of the slab and the THG ﬁeld is then zero.
However, the process that we have just discussed is not the
only way to generate a signal at 3v starting from a signal
at v. Indeed, it is also possible to have what is called,
cascaded THG, a combination of two second order
processes. In this case, two photons at v ﬁrst combine
through a second harmonic generation (SHG) process to
generate an output at 2v, this then combines with the input
at v to give a signal at 3v through sum frequency
generation. It should be noted that second order processes
are forbidden in centrosymmetric materials, and can only
occur at the material surface, where the symmetry is
broken. This is not entirely true in heavily doped
semiconductors, thanks to the rich nonlinear dynamic of
FEs [31–34]. Indeed, one can observe cascaded THG
originating in the FE gas according to the second order
nonlinear source, equation (3). A very important feature,
discussed in references [25,34], is that, at normal incidence,
even if the SHG efﬁciency is zero, the cascaded THG is not
zero, see Figure 2b (FE-cascaded). To understand this
point, notice that the second order nonlinear source

3

contains not only surface terms, therefore not exclusively
terms that depend on the divergence of the polarization
ﬁeld, but it also contains
bulk terms, such as the Lorentz
:
term, proportional to P  H. As a consequence, at normal
incidence, for a fundamental ﬁeld parallel to the slab, its
cross product with the magnetic ﬁeld gives a second
harmonic ﬁeld that is perpendicular to the geometry. This
signal, even if is not visible in the far-ﬁeld (since it cannot
couple to the free-space transverse modes, giving zero SHG
efﬁciency at normal incidence), can interact with the FE
gas in the slab to give a non-zero cascaded signal. Finally,
the efﬁciencies related to THG originating in the background lattice, due to the intrinsic third-order nonlinear
susceptibility xð3Þ (tensor’s highest component) of each
material are calculated as in reference [25] and are reported
in Figure 2c.
The background permittivity, e∞ , the effective mass,
~~P and the third-order
the screened plasma wavelength l
nonlinear susceptibility of the materials analyzed are
reported in Table 1.
P
~~P ¼ 2pc
~~P ¼ pvﬃﬃﬃﬃ
Here, l
v
~~P , with v
e∞ being the screened
plasma frequency and c is the speed of light. For all the
semiconductors, the level of doping is ﬁxed to
n0 ¼ 1020 cm3 (all the plasma wavelengths are in the
MIR or in the NIR), g ¼ 10 ps1 , while the wavelength of
~~P . The coefﬁcient
the fundamental ﬁeld (FF) is lF F ¼ 3:2l
3.2 is the minimum factor that can be chosen in order to have
all the harmonics in the metallic region of the materials and
the TH far enough from the condition of epsilon near zero,
that would cause an enhancement of the hydrodynamic
nonlinearities, as discussed in references [25,34].

4 Results
Analyzing the hydrodynamic THG efﬁciencies in Figure 2, it
can be observed that, in the case of FE direct contributions
(Fig. 2a), the material reaching the highest value for a given
angle of incidence is ITO (red line), the following is InP
(orange line), then, in order, GaAs (black line), Si (blue line),
Ge (green line) and InSb (light blue line). This is coherent
with the color map in Figure 2e, in which the efﬁciency of FE
direct THG is reported as a function of e∞ and m, for a ﬁxed u,
and where h decreases with an increasing e∞ , while it stays
nearly steady with m. Indeed, ITO has the smallest e∞ , then
follow InP, GaAs, Si, InSb, and Ge. This behavior is due to
the fact that, for a given angle of incidence, a higher e∞ causes
the transmitted FF at the interface air/semiconductor to
refract a smaller angle when propagating inside the slab.
Because surface contributions are hindered at near-normal
incidence, the FE direct THG efﬁciency, due only to surface
contributions, becomes smaller when increasing e∞ [25].
However, the trend is blurred for very small effective masses,
when nonlocal effects becomes very large and cause a sharp
decrease of the surface effects and, hence, of the efﬁciency, as
in the case of InSb.
Let us now compare the efﬁciencies in the case of
cascaded nonlinearities (Fig. 2b). Here, both e∞ and m play
a central role. For instance, let us focus on Si, which, as
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Fig. 2. (a–d) THG efﬁciency h of the highly doped semiconductor slab as a function of the incident angle u and for different materials.
Data reported in plots (a–c) are calculated taking into account distinct nonlinear sources: (a) is obtained considering only FE direct
contributions; (b) refers to the FE cascaded THG; (c) to the THG originating from background lattice third-order susceptibility xð3Þ . In
plot (d) the curves are those predicted for a real experiment where all the contributions to THG are taken into account. (e–f) h as a
function of the background permittivity, e∞ , and of the effective mass, m, for a ﬁxed angle of incidence u ¼ 40° in the case of FE-direct
(e) and FE-cascaded (f) THG. Here, white diamond represent the semiconductors studied in correspondence of their values of e∞ and
~~P , respectively, in
m. The level of doping and the wavelength of the fundamental ﬁeld (FF) are ﬁxed to n0 ¼ 1020 cm3 and lFF ¼ 3:2l
all plots.

Table 1. The materials studied and their properties.
Semiconductor

e∞

m

ITO
InP
GaAs
Si
InSb
Ge

3.80 [22]
9.55 [22]
10.91 [22]
11.70 [22]
15.7 [38]
16.00 [36]

0.380
0.078
0.068
0.270
0.012
0.082

already mentioned, has the second highest e∞ . As a
consequence, it should be expected to reach the second
highest THG efﬁciency since the presence of the Lorenz
term in the second order nonlinear source should drive the
increase of THG efﬁciency with the background permittivity value [25]. Nevertheless, its cascaded THG efﬁciency
is the smallest after that of ITO. To solve this conundrum,
les us consider the color map in Figure 2f, in which the
efﬁciency of FE cascaded THG is reported as a function of
e∞ and m, for a ﬁxed u. As it can be noticed, high
background permittivities and small effective masses favor
FE cascaded nonlinearities. The trend with respect to m

[22]
[22]
[22]
[22]
[38]
[36]

~~P ðmmÞ
l


xð3Þ  1018 m2 =V2 Þ

4.0
2.9
2.9
5.9
1.5
3.8

3.3 [37]
1.0 [25]
1.4 [35]
2.8 [35]
70.0 [39]
0.56 [35]

can be intuitively understood considering the explicit
dependence of the second order hydrodynamic source on
the effective mass in equation (3). This explains why the
cascaded THG efﬁciency of Si, which has a background
permittivity comparable with those of InP and GaAs, but
has an effective mass at least three times larger, is one order
of magnitude smaller than that of the other two semiconductors. The efﬁciency of ITO is instead limited because
this semiconductor has both the smallest e∞ and the
highest m, contrarily to InSb, which reaches the highest
efﬁciency thanks to the smallest m and a very high e∞ .
Considering Figure 2c, the differences between the curves
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Fig. 3. THG efﬁciency h of a highly doped semiconductor slab as a function of the incident angle u and for the different nonlinear
sources, organized by material. Plots (a)–(f) take into account GaAs, InP, Ge, Si, ITO, and InSb respectively.

of efﬁciency of THG originating from the crystalline lattice
of the semiconductors are apparently due to the distinct
values of third order nonlinear susceptibility, indeed InSb
and ITO have the highest xð3Þ , then follow Si, GaAs, InP
and Ge. However, this does not completely explain the
quantitative differences in the absolute values of the
efﬁciencies, that, from their deﬁnition, one would expect to
∧
ð3Þ
ð3Þ
scale as h ∝ xð3Þ 2. For instance, since xInSb ≈ 21xIT O and
ð3Þ
ð3Þ
xIT O ¼ 3:3xInP , one would predict the efﬁciency of ITO,
hIT O , to be more than 400 time smaller than that of InSb,
hInSb , and about 10 times larger if compared to the
efﬁciency of InP, hInP . Nevertheless, from Figure 2c,
hIT O ≈ hInSb for a wide range of angles of incidence and
hIT O ≈ 1000hInP .This differences between the calculated
and the expected ratios may be explained considering also
in this case the role of the background permittivity. Indeed,
for background lattice nonlinearities, h is higher for lower
e∞ because of the higher transparency of the material [25].
This makes it clear as well why InP and GaAs have
essentially the same maximum efﬁciency even if
ð3Þ
ð3Þ
xInP ≈ 1:4xGaAs and why the background lattice THG
efﬁciency of ITO is more than 100 times larger than that of
ð3Þ
ð3Þ
Si notwithstanding the fact that xIT O ∼1:2xSi .
At this point, it should be easier to understand the features
in the plot of Figure 2d, where all nonlinear contributions are
taken into account simultaneously. To make the peculiar
characteristics of every material even more clear, we report in
Figure 3 the same data of Figure 2 organized by material. In

the case of ITO, the very large background lattice nonlinear
effects dominate for all the angles of incidence. The same can
be observed for InSb, however, here cascaded nonlinearities
have a role in increasing the total efﬁciency. Instead, for all the
other semiconductors the trend at higher angle of incidence is
due to FE nonlinearities, while, at normal incidence, it
depends on the reciprocal order of magnitude of cascaded and
background lattice THG efﬁciencies. For instance, considering Ge, the former contribution prevails, while the latter
contribution dominates for Si. Instead, when considering InP
and GaAs, the cascaded and intrinsic nonlinearities are of the
same order and interfere destructively. A similar interference
can be ﬁnally observed between FE direct and intrinsic THG
at high angles for ITO and Si.

5 Conclusions
We have applied our recently developed hydrodynamic
formalism for the description of FE nonlinear dynamics in
heavily doped semiconductors to investigate how the
choice of the semiconductor may inﬂuence the nonlinear
optical phenomena associated with a high concentration of
FEs. Through the numerical study of FE contributions to
the process of THG from a semiconductor slab, we have
compared the efﬁciency of harmonic generation of several
materials, and we have shown that their intrinsic properties can cause a difference of several order of magnitude in
the efﬁciency of THG both in the case of FE and
background lattice nonlinearities. In particular, we have
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found that, at normal incidence, the role of FE nonlinearities in determining the total nonlinear optical
response of a doped semiconductor is crucial in small
effective mass semiconductors such as n-doped InSb, GaAs,
and InP, while, at high angles of incidence, it is relevant for
the semiconductors with the highest background permittivities (GaAs, Ge and Si). Indeed, FE nonlinearities are
almost negligible in materials like ITO, characterized by
the highest effective mass and the smallest background
permittivity, the latter causing a high enhancement of
background lattice nonlinear effects.
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