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Abstract. In-process control of the focal spot size and pointing position of a laser as it interacts with a target
(beam zooming and deﬂection) offers the possibility of unprecedented efﬁciency improvements in a number of
applications, such as inertial conﬁnement fusion and laser micromachining. Here is described a system in which
the focussing characteristics of a laser beam at one wavelength can be controlled by a lower-intensity beam at
another wavelength, via their mutual interaction with a nonlinear metamaterial refracting medium. Such a
metamaterial approach permits the optical response of the medium to be tailored according to the wavelengths
of interest and time response required in a given application. A metamolecule unit cell design is described in
terms of an equivalent circuit based on a pair of LCR (inductance, capacitance, resistance) circuits coupled by a
common nonlinear capacitor. The circuit is studied using an analytical approach to obtain an understanding of
its properties and design relationships between circuit parameters. Potential realisations of the circuit are
discussed.
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1 Introduction
The ability to rapidly control the focussing characteristics
of a laser as it interacts with a target is potentially
advantageous in a number of applications, including laserdriven inertial conﬁnement fusion (ICF) [1–6], laser
micromachining [7] and high-pressure materials experiments [8]. In-process control of the laser focal spot size and
pointing position (beam zooming and deﬂection, respectively) offers the possibility of optimising the transfer of
energy from the laser to the target at all times, thereby
enhancing the desired process without increasing the
required laser energy budget.
For example, in direct-drive ICF multiple laser beams
heat and compress a capsule containing cryogenic
deuterium-tritium fuel from all directions with the aim
of initiating fusion burn and energy gain [1–3]. Beam
zooming during the capsule implosion has been predicted to
result in large efﬁciency gains [5,6], and ideally zooming
would be accomplished on a sub-nanosecond timescale to
track the capsule as it implodes. In the polar direct-drive
variation of ICF [3], the capsule is driven by two opposed
cones of laser beams, one at each pole, such that the
illumination intensity over the capsule surface is not
uniform. In this case, the ability to both zoom and deﬂect
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the laser beams during the compression of the capsule may
prove beneﬁcial. In indirect-drive ICF [4], laser beams heat
the inside of typically a gold, cylindrical enclosure known as
a hohlraum. X-rays from the hot gold wall irradiate and
ablate the surface of the capsule, thereby driving the
implosion of the nuclear fuel. Rapid beam zooming and
deﬂection of the laser beams would allow wall heating and
the resulting x-ray ﬁeld experienced by the capsule to be
optimised at all times.
Similarly, in-process beam zooming and deﬂection
could be exploited in laser micromachining applications
to precisely control the deposition of laser energy into the
workpiece.
Given these anticipated beneﬁts, efforts have already
been made to add beam zooming capability to existing laser
systems. For example, zooming technology has been
demonstrated in excimer laser systems, notably at the
NIKE KrF laser facility at the Naval Research Laboratory
(NRL) [9]. In order to implement zooming, several parallel
beam paths are constructed at the front end (i.e. lowenergy section) of the laser system. Each beamline is
nominally identical optically apart from a beam aperture
which is imaged onto the target at a given time. By
choosing the size of the aperture appropriately in each
beamline, a multi-state beam zooming effect can be
accomplished. Electro-optical components are used to
provide independent control of pulse shape and time of
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arrival for each beamline. By its nature, this architecture
permits only a discrete number of zoom states (one for each
low-energy beamline) to be implemented.
For solid-state lasers, a two-state zooming optic called
the zooming phase plate (ZPP) has been proposed [5,6].
The ZPP in effect divides the beam into two distinct
regions each of which is focussed independently. It has a
central area which produces a larger, low-order Gaussian
focal spot for the early stage of an ICF implosion, and an
outer area which produces a smaller, high-order Gaussian
focal spot for the later stages of the implosion.
Another approach utilises the conﬁguration ﬂexibility
of multiple-beam laser facilities such as the National
Ignition Facility [10], Omega [11], the Megajoule Laser
Facility [12] and Orion [13]. Although the focussing
condition of each beam is ﬁxed, beams can be individually
timed and focussed to optimise the laser-target energy
coupling efﬁciency as a function of time (i.e. beams ﬁred
early in time are chosen to have a larger focal spot than
beams ﬁred later in time) [14,15].
Whilst these zooming schemes allow improvements in
laser-target energy coupling efﬁciency to be made,
continuous (non-discrete) zooming, if it could be achieved
and combined with dynamic beam deﬂection, would lead to
even greater enhancements.
One possible way to effect continuous zooming is to use
an electro-optic (EO) crystal to modify the wavefront
curvature of the beam and therefore its focussing position
relative to the target [16]. However, EO crystals generally
have a small beam aperture (e.g. crystal diameter in Ref. 16
is 20 mm). This makes them suitable for use only in the
early stages of a laser beamline before the beam has been
expanded and injected into the ampliﬁer chain. Consequently, the effect of the EO crystal on the performance of
later sub-systems, such as spatial ﬁlters and frequency
conversion crystals, has to be carefully considered.
Alternatively, the wavelength-dependent focussing
characteristics of a grating placed at the end of the laser
beamline can be exploited to achieve a zooming effect [17].
In this case, the zooming control information is encoded in
the time-dependent modulation of the laser pulse frequency, early in the system. The laser pulse has an increased
bandwidth as a result of the frequency modulation, and this
has an impact on the performance of the beamline. Whilst
the effect of increased bandwidth can be offset by
increasing the energy injected into the main ampliﬁer,
this has implications for staying below damage thresholds
for components later in the system.
An alternative approach is to employ a separate control
laser to induce refractive index gradients in a medium
which then inﬂuence the beam to be controlled. Through
appropriate choice of the spatiotemporal intensity characteristics of the control beam, a dynamic lens or prism can
be ‘written’ into the refracting medium to effect zooming or
deﬂection of the beam to be controlled, respectively. In
general, the controlled beam might be both zoomed and
deﬂected by simultaneously shifting its focus parallel and
transverse to the optical axis.
For instance, a control laser beam may be spatially and
temporally overlapped with the beam to be controlled in a

nonlinear medium, with refractive index variations
induced via the optical Kerr effect [18]. It is notable
though that in this case the control beam must necessarily
be much more intense than the controlled beam to ensure
that its contribution to the induced refractive index is
dominant.
In an alternative scheme, an atomic gas is employed as
the refracting medium [19]. The frequency of the control
beam is different to that of the controlled beam but both
frequencies are close to characteristic resonance frequencies
of the atomic gas. Coupling between resonances is exploited
such that the control beam may be made weak (low intensity)
compared to the controlled beam. This scheme is therefore
reliant on the availability of a suitable gaseous medium with
the desired resonance frequencies. In one example [20], an
alkali metal gas is employed which requires several auxiliary
components such as a gaseous cell, oven and a means of
controlling temperature and pressure. The characteristic
response time is limited to around a nanosecond.
Given these limitations, it would be preferable to
replace atoms in this scheme with ‘effective atoms’: userdeﬁned resonant structures capable of mimicking the
behaviour of atomic resonances in a controllable way, and
reacting on a sub-nanosecond timescale. Such a possibility
is offered by metamaterials: artiﬁcial materials consisting
of sub-wavelength, resonant unit cells engineered to
achieve a desired effective bulk medium response to
electromagnetic radiation [21].
In this paper, a dynamic zooming and deﬂection system
is described which is enabled by a nonlinear, metamaterialbased refracting medium. It is motivated by the desire to
use a low-intensity laser to control a high-intensity laser via
the refracting medium, but without the limitations of the
atomic gas just described. Furthermore, the system is
intended to control large-scale fusion or machining lasers
on a sub-nanosecond timescale without imposing signiﬁcant changes on existing facilities.
In Section 2, the overall system is described in general
terms and its key features are identiﬁed. In Section 3, the
proposed metamaterial unit cell is modelled using an
equivalent circuit approach and its performance analysed
for the case of magnetic ﬁeld excitation. Possible realisations of the circuit are then described. Finally, the article is
summarised in Section 4.

2 Dynamic zooming and deﬂection system
In this section, a system is described in which an optic with
time-varying refracting properties, for example a lens or
prism, is combined with a static focussing optic to
accomplish rapid control of the focussing properties of a
laser beam. The dynamic optic is constructed using a
metamaterial approach such that its refractive properties
are determined by the spatio-temporal intensity characteristics of a control beam, as discussed in Section 3.
In Figure 1, the dynamic optic is shown inserted near
the end of an existing laser beamline. It might be placed
just before or after the ﬁnal focussing optic, or as a
metamaterial layer coated on its surface.
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Fig. 1. Two-colour zooming and deﬂection system.

The control and controlled beams, which are assumed to
have different wavelengths, are combined and later
separated using dichroic optics. However, the dichroic optics
could be eliminated by using existing components to perform
their functions. The function of the combining optic may be
performed by the ﬁnal turning mirror, if it has suitable
reﬂection and transmission characteristics. For example, the
mirror might employ a wavelength-selective coating to
provide high reﬂectivity at the controlled beam wavelength,
which may also be highly transmitting at the control beam
wavelength. The function of the dichroic beamsplitter might
be performed by the ﬁnal focussing optic, by exploiting
chromatic aberration to defocus and separate the control
beam relative to the controlled beam on target [22].
Note that as the dynamic optic is positioned near the end
of the beamline, the controlled beam propagation characteristics up to the ﬁnal focussing lens do not need to be modiﬁed
in order to accommodate it i.e. its impact on the existing
system is minimal. Furthermore, as the properties of the
dynamic optic are set at-a-distance by the control beam, no
power supply or other auxiliary components are required in
its vicinity. As discussed in the next section, the
metamaterial nature of the refracting medium ensures that
its response to the desired laser operating frequencies, and its
characteristic response timescale, can be tuned as required
through appropriate design of the unit cell structure and
choice of constituent materials. In practice, the response
timescale of the overall system may be limited by the rate at
which the intensity of the control beam can be varied. For
example, current electro-optic pulse modulation technology
permits temporal shaping with ∼100 ps resolution [23].
When the controlled beam is operated in multi-pulse mode,
the dynamic optic can be varied between pulses as well as
during each pulse. The maximum aperture size of the
controlled beam is set by the limits of the metamaterial
construction.

Fig. 2. Simpliﬁed ray diagram for zooming system using a
dynamic positive lens. The controlling beam is not shown for
clarity.

It is desirable that the peak intensity requirement of the
control beam be made as small as possible, to minimise the
cost of the control beam system. However, a simple thin
lens analysis suggests that even a weak dynamic lens could
provide a useful zooming effect.
Using for example a control beam with a parabolic
spatial intensity distribution, and assuming a linear
relationship between the control beam intensity and
refractive index change experienced by the controlled
beam, a lens can be written into the metamaterial
refracting medium (Appendix A). The additional dynamic
lens has the effect of shifting the controlled beam focus
along the optical axis, thereby producing a zooming effect
on target. Taking the radius of the spot size of the
controlled beam on target without and with the dynamic
lens to be r1 and r2, respectively, and deﬁning the zooming
factor Z = r2/r1, a simple thin lens analysis (Fig. 2) yields


r2
f
a
Z ¼ ∼1 þ 2 1 
;
ð1Þ
r1
r1
f1
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where f1 and f2 are the focal lengths of the dynamic lens and
main focussing lens respectively, and a is the radius of the
controlled beam prior to focussing. This result assumes the
lens separation d << f1. As a=r1 >> 1 and taking Z to be on
the order of (but less than) unity, it follows that f1 >> f2 i.e.
that the dynamic lens may be made far weaker than the
main focussing lens. A similar result holds when the
dynamic lens is negative. The power requirements of the
control beam can be reduced by dividing the controlled
beam aperture into several Fresnel zones [Appendix A]. In
addition to controlling focussed beams, the dynamic lens
can in principle be used to vary the divergence of nominally
collimated beams.

3 Metamaterial unit cell
3.1 Equivalent circuit
Having considered the overall beam zooming and deﬂection
system in the previous section, attention is now turned to
how the dynamic optic might be realised: it is composed of a
nonlinear refracting medium with its desired properties
being achieved using a metamaterial approach. The
medium is built up from an array of sub-wavelength unit
cells, each of which can be described by an equivalent
lumped-element circuit. Before considering the circuit in
detail, related circuits previously described in the literature
are ﬁrst discussed.
The simplest resonant lumped-element circuit is a
single LCR (inductance, capacitance, resistance) circuit, as
shown in Figure 3a. Its resonance frequency v0 = (LC) 0.5
and resonance width Dv0 ∼ R=L are determined by its
lumped circuit parameters which are in turn dependent on
the structure and material composition of the unit cell. A
well-known realisation of the basic LCR circuit is the splitring resonator (SRR) shown illustratively in Figure 3b. In
this case the lumped circuit parameters are given by the
approximate relations [24] L ∼ m0 l2 =t; C ∼ e0 wt=dg and
R ∼ 4ðl  wÞr=wt; where e0 and m0 are the permittivity and
permeability of free space, respectively, and r is the
resistivity of the ring material.
An electromagnetic wave may couple with this circuit
either via its magnetic ﬁeld inducing a voltage and current
around the loop via Faraday’s Law, or via its electric ﬁeld
applied directly across the capacitance gap [25]. In either
case, the ﬁeld must be orientated appropriately in relation
to the circuit loop to produce a resonant response. The
induced current ﬂowing around the loop produces a
magnetic moment, and by extension a material composed
of an array of such SRR’s will exhibit a relative
permeability and refractive index different to unity.
Whilst considerable ﬂexibility is offered even by this
simple unit cell at the design stage, it is naturally desirable
to develop structures with properties which can be
modiﬁed dynamically during operation. This can be
accomplished by introducing nonlinear elements into the
basic SRR circuit, for example by connecting a varactor
diode across the capacitance gap. In this case the
capacitance of the varactor diode, and therefore the

Fig. 3. (a) LCR meta-atom equivalent circuit (b) split-ring
resonator unit cell.

resonance frequency of the circuit, is dependent on the
power of the exciting electromagnetic wave and the voltage
bias across the diode [26–28].
The circuit response can be further tuned by combining the
SRR and varactor with other lumped elements. An inductor
for instance, when added in parallel with the varactor, can
change the sign of the resonance frequency shift [29].
Semiconductor elements can also be incorporated into
the basic SRR circuit, and controlled by bias voltages
[30,31] or external light sources. In the latter case, a
photodiode connected in parallel with the varactor can
provide a bias voltage dependent on the intensity of the
illuminating light source [32,33].
Alternatively, by creating photoelectrons in a silicon
region incorporated into the SRR circuit, its conductivity
and therefore the total reactance in the circuit can be
controlled [34,35]. In this case the control wavelength must
necessarily be shorter than the controlled wavelength, the
two wavelengths corresponding to photon energies above
and below the semiconductor bandgap energy, respectively. As described in the next section, the opposite is true for
the present case: the control wavelength is longer than the
controlled wavelength. This feature is particularly advantageous when the controlled electromagnetic radiation has
a wavelength in the visible range of the spectrum. In this
case, sources of longer-wavelength (e.g. infra-red) control
electromagnetic radiation are readily available. Shorterwavelength (e.g. ultraviolet) sources, though available, are
often derived from these longer-wavelength sources by
frequency conversion methods in nonlinear crystals [36].
Frequency conversion comes at the expense of increased
complexity and energy losses incurred in the conversion
process. It is therefore preferable to control visible
electromagnetic radiation sources with longer-wavelength
sources.
As anticipated by Pendry [37], the local electric ﬁeld in
the capacitance gap of a SRR can be signiﬁcantly higher
than the electric ﬁeld in vacuum. This creates the
possibility of strongly enhanced nonlinear effects, for
example by inserting a Kerr dielectric medium into the gap
[38]. In this case the capacitance takes the form
C NL ¼ eNL wt=dg with  the nonlinear permittivity
eNL ∼ e0 1 þ xð1Þ þ xð3Þ E2g ; where x (1) and x (3) are the
ﬁrst and third order susceptibilities, respectively, and Eg is
the electric ﬁeld in the capacitor gap. This can be written in
¼ C 0 þ hE2g ; where
the alternative

form used later CðNL
ð1Þ
3Þ
C 0 ¼ e0 1 þ x wt=dg and h ¼ e0 x wt=dg : The nonlinear
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Fig. 4. Dual-resonant equivalent circuit.

capacitance, and therefore the resonance frequency of the
circuit, is dependent on the power of the exciting
electromagnetic wave.
In this paper, these concepts are extended to a dualresonant system consisting of two LCR circuits directly
coupled by a common nonlinear capacitor (Fig. 4). This
system is analogous to the resonant gas system proposed in
Ref. [19], being designed to act as an intermediary between
a control beam and a controlled beam. As the control signal
is optical rather than electrical, biasing circuitry to
individual pixels required in some schemes [30] is not
required. This approach therefore simpliﬁes the design of
the metamaterial, especially when structures are scaled
down for operation at shorter wavelengths.
As discussed in the next section, this circuit can be
realised using a pair of SRR’s when operating in the
appropriate wavelength regime. Other dual-SRR structures, utilising indirect rather than direct coupling, have
been described previously. For example, Slobozhanyuk
et al. [39] described a system in which one SRR containing a
light-emitting diode (LED) controls a second SRR
equipped with a photodiode. The photodiode is arranged
to receive the LED signal and sets the bias voltage across a
varactor. In another study, Kapitanova et al. demonstrated dual-frequency resonance in a system of two magnetically-coupled SRR’s arranged in two spatially-separated
and parallel planes [40]. Pendry described pairs of
capacitively-coupled SRR’s [37], in which one SRR is
nested inside the other. These structures can be described
by a singly-resonant LCR circuit [41] rather than the dualresonant circuit shown in Figure 4.
Direct (rather than indirect) coupling between a pair of
SRR’s via a shared component was presented by Filonov
et al. [42], similar to the approach taken in the current
paper, but with some notable differences. Apart from a
difference in the equivalent circuit (Loop 2 in Fig. 4 does
not contain a linear capacitor, in contrast to the loop
labelled Ring 2 in Fig. 1 of Ref. [42]), the structure of
Filonov et al. was designed to operate at resonance at two
frequencies for efﬁcient harmonic generation. In the present
case, the circuit is designed to operate at resonance at the
control wavelength, but slightly off-resonance at the
controlled wavelength. These features are described in
detail in the next section.
3.2 Circuit operation
In this section, the circuit’s response to magnetic ﬁeld (Bﬁeld) excitation is examined using an analytical approach
similar to that presented in Ref. [43]. Simple, approximate
design equations are derived which relate system performance to the circuit parameters.

The B-ﬁeld orientations of the control and controlled
beams at frequencies v1 and v2 respectively are initially
chosen such that both beams interact with both circuit
loops shown in Figure 4. This results in four voltage
sources in the metamolecule circuit as shown in Figure 5a.
Voltage Vkl denotes the voltage induced around loop k by
beam l.
The metamolecule circuit has two resonances, at
frequencies v01 and v02. In the ﬁrst resonance mode driven
by V11 and V21, the currents in loop 1 and loop 2 oscillate in
the same rotational sense shown by the rotational arrows.
In the second resonance mode driven by V22 and V12, the
currents in loop 1 and loop 2 oscillate in the opposite
rotational sense with respect to one another.
The ﬁrst resonance frequency v01 is set equal to the
frequency v1 of the weak (low-intensity) control beam.
This ensures a strong, resonant response such that the
voltage across the nonlinear coupling capacitor CNL, and
therefore the value of CNL, is dominated by the voltage
sources V11 and V21 associated with the control beam at
frequency v1.
The circuit parameters are chosen as described below
such that v01 is only weakly-dependent on CNL; this
ensures that the peak of the resonance curve shifts only
slightly relative to v1 when the control beam turns on. As
the peak of the resonance (where the resonance curve is
locally ﬂat) is chosen to coincide with v1 (i.e. v01 = v1), and
by choosing the resistive elements to produce a broad
resonance around v01 (recalling that the resonance width
scales linearly with resistance), the change in metamolecule
response at v1 and therefore the refractive index at v1 due
to the shift in the resonance curve is small. This ensures
that the effect of the controlled beam on itself via the
medium is negligible, and that it is not itself deﬂected or
focussed as it propagates through the refraction medium.
The second resonance frequency of the circuit v02 is set
near (slightly above or below) the frequency v2 of the
strong (high-intensity) controlled beam. Providing the
intensity of the controlled beam is not too high, this offresonance condition ensures that the effect of V22 and V12
on CNL is less than that of V11 and V21 (i.e. that the control
beam dictates the voltage across the coupling capacitor).
The circuit parameters are chosen such that v02 is stronglydependent on CNL; this ensures that the peak of the
resonance curve near v2 shifts signiﬁcantly when the
control beam turns on. As v02 is chosen such that v2 is on
the rising edge (or falling edge) of the resonance curve
(where the curve is not ﬂat), and by choosing the resistive
elements to produce a narrow resonance around v02, the
change in metamolecule response at v2 and therefore the
change in refractive index at v2 due to the shift in the
resonance curve is large.
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Fig. 5. (a) Dual-resonant circuit seen by each voltage source (b) effective circuit seen by each voltage source under the design
condition: v2 > v1, L1 ≫ L2 ! C1/CNL ≫ L2/L1.

In order to obtain the desired circuit behaviour, the
circuit parameters must be chosen accordingly. In the
following discussion, the time dependence of the B-ﬁeld is
assumed to vary as ejvt; using this convention the complex
impedance of an inductor and capacitor is jvL and j=vC,
respectively.
To ensure that the control beam is insensitive to changes
in CNL = C0 + hE2 (hE2 << C0, i.e.CNL ≈ C0), choose
1
1
≫ v1 L2 ⇒
≫ v21 :
v1 C 0
L2 C 0

ð2Þ

This ensures that the magnitude of the reactance of CNL
is much larger than that of L2 at the frequency of the
controlling beam v1. Demanding that the system is
resonant at frequency v1 when the above condition (2) is
satisﬁed requires that
1
¼ v21 :
ð3Þ
v201 ¼
C 1 ðL1 þ L2 Þ
These considerations result in the condition

⇒

C1
L2
;
≫
C 0 ðL1 þ L2 Þ

ð4aÞ

C 1 L2
≫
for L1 ≫L2 :
C 0 L1

ð4bÞ

The circuits for V11 and V21 in Figure 5a then reduce to
the form shown in Figure 5b.

It is desirable that the response of the circuit at the
controlled beam frequency v2 is dominated by the effect of
CNL, which is set by the controlling beam. To achieve this,
at frequency v2 the impedance of CNL is made much smaller
than Z L1 C1 ¼ v2 L1 þ 1=ðv2 C 1 Þ; the impedance of series
combination L1C1.
For v2 > v1, it follows that Z L1 C1 < 0 and Z L1 C 1 > 0,
and the above requirement can be written as (again taking
CNL ≈ C0)


1
1
1
1
1
≪ v2 L1 
⇒
þ
≪ v22 : ð5Þ
v2 C 0
v2 C 1
L1 C 0 C 1
Taking v2 ≈ v02 ≈ (L2C0) 2 (noting that v02 is detuned
from but is nevertheless close to v2) yields


1
1
1
1
þ
;
ð6Þ
≪
L1 C 0 C 1
L2 C 0
which can be written as


C1
L2
L2
1
≫ :
C0
L1
L1

ð7Þ

For L1 ≫ L2, the ﬁnal result is
C 1 L2
≫ ;
C 0 L1

ð8Þ

which is the same condition (4b) as that derived earlier in
reference to the control beam. Thus the constraints
imposed on the circuit by both the control and controlled
beams are compatible. Under this condition, the circuits for
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Fig. 6. (a) Folded (3D) dual-resonant conceptual unit cell based on two orthogonally-coupled LCR resonators under two-colour Bﬁeld excitation. The red and blue arrows represent the weak controlling beam and strong controlled beam B-ﬁelds, respectively. (b)
Dual split-ring resonator conceptual realisation of the generic circuit in (a).

V12 and V22 in Figure 5a reduce to the form shown in
Figure 5b, and the controlled beam ‘sees’ a simple LCR
circuit with resonance frequency v02 ≈ (L2CNL) 2.
The
resonance
spectral
widths
are
∼ ðR1 þ R2 Þ=ðL1 þ L2 Þ and ∼ R2 =L2 for the metamolecule
resonances at v01 and v02, respectively. By choosing R1
and R2 appropriately (either via suitable choice of
materials, and by the dimensions of the microstructural
features in the metamolecule), the resonance widths can be
selected. As discussed above, the resonance at v01 is made
sufﬁciently broad whilst the resonance at v02 is made
sufﬁciently narrow (with the exact widths dependent on the
requirements demanded by the speciﬁc application). The
characteristic transient timescale for the system to respond
to changes in the intensity of the control beam is
∼ (L1 + L2)/(R1 + R2).
Note that in Figure 5 voltage sources V11 and V21
support each other in terms of producing current ﬂow in
both loops, whereas voltage sources V22 and V12 tend to
counteract one another. Whilst this may be useful for
limiting the current ﬂow in the circuit due to a strong
controlled beam, it also means that the magnetic moments
generated in loop 1 and loop 2 oppose each other.
Figure 6a shows a folded 3-dimensional metamolecule
unit cell based on two coupled circuit loops under dual Bﬁeld excitation. Taking the fold angle u = 90° and setting
the polarisation of the control beam orthogonal to that of
the controlled beam, it follows that V12 = V21 = 0 and the
circuit only oscillates at frequencies v1 and v2 in response
to V11 and V22, respectively.
In this case the weak control beam couples to the larger
of the two loops (implied by L1 >> L2), whereas the strong
controlled beam couples to the smaller of the two loops.
This ensures that the metamolecule collects as much of the
weak control beam B-ﬁeld as possible whilst minimising the
amount of strong controlled beam B-ﬁeld collected.
Continuing the analysis with V21 and V12 set to zero,
the peak voltage VC across CNL in the effective circuit seen
by V11 in Figure 5b is given by

 2 2
1=2
v1 L2 þ R22
jv1 L2 þ R2
j ¼ jV 11 j⋅
V C ∼ jV 11 jj
R1 þ R2
R1 þ R2
¼ Eg dg ;

ð9Þ

where Eg and dg are the magnitude of the electric ﬁeld in the
capacitor gap and plate separation of the coupling
capacitor CNL, respectively. By Faraday’s Law, the
induced voltage has magnitude |V11| = v1A1B1, where A1
is the area of loop 1 and B1 is the magnitude of the B-ﬁeld of
the controlling beam.
Taking
B21 ¼

2m0 I 1
;
c

ð10Þ

where I1 is the intensity (W/m2) of the control beam and c
is the speed of light in vacuum, and combining the above
expressions yields


2v21 A21 m0 v21 L22 þ R22
2
⋅
⋅I 1 :
ð11Þ
Eg ¼
cd2g
ðR1 þ R2 Þ2
From C NL ¼ C 0 þ hE2g , it follows that
C NL ¼ C 0 þ bI 1 ; where


2v21 A21 m0 v21 L22 þ R22
b ¼ h⋅
⋅
:
cd2g
ðR1 þ R2 Þ2

ð12Þ

Once the rapid circuit transients have settled down
(following a change in I1), the current i22 ﬂowing around
loop 2 due to the controlled beam at frequency v2 is given
by
V 22 v2 A2 B2 j
¼
;
Z2
Z2


1
where Z 2 ðI 1 Þ ¼ j v2 L2 þ
þ R2 ; ð13Þ
v2 C NL ðI 1 Þ
i22 ∼

8

A.J. Comley: EPJ Appl. Metamat. 5, 8 (2018)

where A2 is the area of loop 2 and B2 is the magnitude of the
B-ﬁeld of the controlled beam. The permeability of the
metamaterial at frequency v2, which is determined by the
value of CNL and therefore the intensity of the control
beam, is given by m ¼ m0 ð1 þ m0 m=B2 Þ where the
magnetic moment per unit volume m ¼ i22 A2 =V m and
Vm is the volume of the unit cell. Substituting for i22 then
yields

mr ð I 1 Þ ¼

1þ

jm0 v2 A22



V m Z 2 ðI 1 Þ

; mðI 1 Þ ∼ m0 mr ;

ð14Þ

where mr is the relative permeability. The refractive index
medium at frequency v2 is then given by
n2 of thepﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n2 ðI 1 Þ ¼ er mr ; where er is the relative permittivity.
3.3 Approximate calculation of g
The parameter g ¼ dn2 =dI 1 (Appendix A) determines the
change in the refractive index at frequency v2 due to a
change in the control beam intensity, relative to the I1 = 0
(control beam off) state, and is given by
dn2
¼
dI 1

e1=2
r
1=2
2mr

dmr 1 dmr
∼
;
dI 1 2 dI 1

er ¼ 1;

mr ∼ 1:

ð15Þ

Differentiating the relative permeability (Eq. (14))
with respect to I1 yields
dmr
jm v2 A22 1 dZ 2
¼ 0
⋅ 2⋅
;
dI 1
Vm
Z 0 dI 1
where


Z 0 ¼ Z 2 ðI 1 ¼ 0Þ ¼ j v2 L2 þ


1
þ R2 ;
v2 C 0

ð16aÞ

ð16bÞ

and
dZ 2
dZ 2 dC NL
dZ 2
¼
⋅
¼
⋅b:
dI 1 dC NL dI 1
dC NL

ð16cÞ

Deﬁning the detuning parameter a ¼ ðDvL2 Þ=R2 ;
where Dv = v2  v20,
1
1  4a2 þ 4aj
∼ 2
;
2
Z0
R ð1 þ 4a2 Þ2
∼

ja
for
4R2 a3

and

4a2 >> 1 ði:e: a >> 0:5Þ;
dZ 2
j
∼
:
dC NL v2 C 20

ð17aÞ
ð17bÞ

ð18Þ

Combining the expressions above yields the approximate relation
g¼

dn2
m0 A22 b
m0 A22 b
∼

j:
dI 1 8V m a2 R22 C 20 8V m a3 R22 C 20

ð19Þ

The change in the real part of the refractive index Dn2r
is therefore proportional to the real part of g:
Dn2r ¼ g r ⋅I 1 ¼

m0 A22 b
⋅I 1 ;
8V m a2 R22 C 20

ð20aÞ

m0 A22 b
:
8V m a2 R22 C 20

ð20bÞ

where
g r ¼ Reðg Þ ¼

This formula shows that there is a simple relationship
between the intensity I1 of the control beam and the
corresponding refractive index change Dn2r induced in the
metamaterial at the controlled beam frequency. Correspondingly, spatiotemporal variations in the intensity I1
of the control beam give rise to spatiotemporal variations
in the refractive index experienced by the controlled
beam, as are required to effect beam zooming and
deﬂection.
3.4 Circuit realisation and example
A possible conceptual realisation of the B-ﬁeld excited
system is shown in Figure 6b. This unit cell consists of two
split ring resonators arranged orthogonally with respect to
each other and sharing a gap containing the nonlinear Kerr
medium.
By way of example this system could be employed to
effect focussing control of ﬁbre lasers in micromachining
applications. For instance, ytterbium (Yb) ﬁbre lasers
operating at a wavelength of 1064 nm, repetition rates
>10 kHz, pulse duration up to several hundred nanoseconds and average power >20 W have been used to
machine silicon substrates for use in microelectromechanical systems (MEMS) and the semiconductor industry [44].
In order to control such a laser using the system and
method described here, the control laser would preferably
be matched to the controlled laser in terms of its repetition
rate and pulse duration so that focus control can be utilised
during each laser pulse. Examples of potential control
lasers include erbium ﬁbre, thulium ﬁbre and holmium:
YLF lasers operating at wavelengths of 1550 nm, 1900–
2050 nm and 2050 nm or 2060 nm, respectively [45].
For a controlled laser with a = 4 mm focussed to a spot
radius r1 = 50 mm on a target using a main focussing lens
with focal length f2 = 250 mm, a weak dynamic lens with
f1 ∼ 19 750 mm would result in a shift in the focus position of
3.1 mm to best focus (r2 = 0 mm). This assumes the focussed
beam behaves according to geometric optics; in reality, the
beam is focussed to a ﬁnite-sized waist. Taking into
account the Gaussian nature of the beam (assuming a
typical ﬁbre laser beam quality parameter M2 = 1.8), the
spot radius on target is reduced from ∼63 mm to ∼38 mm
when the dynamic lens is activated. For a dynamic lens
with length L = 0.2 mm, a refractive index change Dn of
approximately 2  103 is required. A prototype dual-SRR
design is developed below to realise the dynamic lens
necessary for this zooming example.
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To design the dual split-ring resonator structure, the
dimensions of known single split-ring resonator designs are
scaled and then ﬁne-tuned to ensure that the circuit
resonance frequencies are correct, according to the
operating wavelengths of the control and controlled beams
and the prescription given above. For an ytterbium ﬁbre
laser operating at a wavelength of 1064 nm controlled by a
Ho:YLF laser operating at 2060 nm, example parameters
for the control ring are l = 330 nm, w = 130 nm, t = 17 nm
and dg = 90 nm (for a capacitance plate area of
1.4  1015 m2); example parameters for the controlled
ring are l = 100 nm, w = 50 nm, t = 15 nm and dg = 33 nm.
Taking x (3) ∼ 6  1020 (m/V)2 (e.g. corresponding to
potassium dihydrogen phosphate (KDP) crystal or other
nonlinear material in the coupling capacitor gap), detuning
parameter a = 3, Vm = 2  1020 m3, r = 1.59  108 Vm
and peak powers of 10kW and 1 kW for the controlled and
control beams respectively, the design equation given
above yields Dn ∼ 2  103, as demanded by the zooming
example. For the ﬁbre lasers considered here, a typical
pulse duration used for machining is ∼200 ns and a typical
repetition rate is 25 kHz. This is a representative example
and the parameters can be tuned according to the
requirements of the desired application.
It is known that the split ring resonator can be scaled to
operate at resonant wavelengths down to ∼800 nm [21,46].
At shorter wavelengths, the dual-LCR circuit concept can
be retained but a different realisation of the unit cell is
likely to be required. Notably, at visible frequencies the
ﬂow of displacement current (J =  iveE) around the
effective circuit dominates that of conduction current
(J = sE) which is prevalent at lower frequencies [47]. This
section is concluded by offering some conceptual systems
which might be developed for use in the visible regime.
For example, at visible frequencies the SRR of Figure 3
can be replaced by a ring of plasmonic nanoparticles around
which a circulating displacement current ﬂows in response to
a time-varying electric or magnetic ﬁeld [48]. To realise the
dual-SRR circuit of Figure 4, a pair of such rings can be
envisaged arranged orthogonally to one another and with at
least one nanoparticle with a nonlinear response common to
both rings and providing the coupling between them.
Alternatively, the SRR can be replaced by a dielectric
particle in a Mie magnetic dipole resonance excited by an
electromagnetic ﬁeld. The displacement current in the
particle ﬂows in an effective circuit analogous to that in
Figure 3, and LCR parameters can be derived which
depend on the size and refractive index of the particle [49].
To realise the dual-LCR circuit of Figure 4, a pair of cojoined dielectric particles can be envisaged, with a
nonlinear dielectric region common to both particles
providing the coupling between them.
Engheta et al. [50] showed that the lumped-element
circuit approach can be extended to the visible regime.
Within this ‘optical circuit’ analogy, the material permittivity takes the role of a conductivity, and circuit
connectors (high conductivity) and insulators (low con-
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ductivity) are correspondingly formed from materials with
|Re(e)| >> e0 and |Re(e)| << e0, respectively. Furthermore,
‘capacitive’ and ‘inductive’ elements can be formed from
materials with Re(e) > e0 and Re(e) < e0, respectively, and
resistive elements from materials with Im (e) ≠ e0. These
concepts might be used to construct a metamaterial with
the desired properties operating in the visible regime, and
will be the subject of future studies.

4 Summary
A system has been described in which the focussing
characteristics of a laser beam at one wavelength can be
dynamically controlled by a lower-intensity laser beam at
another wavelength, via a refracting medium constructed
using the principles of metamaterials. By choosing the
spatiotemporal intensity characteristics of the control
beam, a lens or prism (or more complex optic) can be
‘written’ into the refracting medium such that the
controlled beam is zoomed or deﬂected, respectively. Such
control of the controlled beam potentially leads to large
efﬁciency gains in a range of applications, such as laserdriven inertial conﬁnement fusion.
By placing the refracting medium at the end of an
existing beamline the impact on the optical system is
minimised, and as the properties of the dynamic optic are
set at-a-distance by the control beam, no power supply or
other auxiliary components are required in its vicinity. The
metamaterial approach allows the response of the refracting medium to be tuned according to the desired operating
wavelengths.
A generic metamaterial unit cell, modelled as a dualresonant circuit based on a pair of LCR circuits coupled by
a nonlinear capacitor, was proposed and analysed using an
approximate approach. The circuit represents a generic
metamaterial solution with application across the whole
electromagnetic spectrum. Regardless of the frequency of
operation, the circuit functions in the same conceptual
way: the control beam sets the voltage across the nonlinear
coupling capacitor thereby modifying its capacitance; this
causes a shift in the second (higher) circuit resonance
frequency relative to the frequency of the controlled beam.
The response of the circuit at the frequency of the
controlled beam, and by extension the effective refractive
index of the metamaterial at that frequency, is thereby
modiﬁed in a controllable way.
Possible circuit realisations were discussed, offering
future routes to the construction of a dynamic beam
zooming and deﬂection system operating in the infra-red
and visible regions of the electromagnetic spectrum.
Support from the AWE Future Technologies Programme is
gratefully acknowledged. The author would also like to thank the
referees for their suggestions to improve the manuscript.
© British Crown Owned Copyright 2018/AWE applies to this
article.
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Fig. A1. Spatial refractive index proﬁle for a graded-index
positive lens (black curve) and its Fresnel equivalent (blue curve).

Fig. A2. Spatial refractive index proﬁle for beam deﬂection
(black curve) and Fresnel equivalent (blue curve).

The controlling beam power requirement for the kth
segment, Fk, is then

Appendix A: Fresnel principle in lasercontrolled optics

F k ¼ ∫rrkk1 I k ðrÞ⋅2pr⋅dr
¼ ∫rrkk1 I ðrÞ⋅2pr⋅dr  I ðrk Þ ∫rrkk1 2pr⋅dr
¼ P k  I ðrk Þ⋅p r2k  r2k1 ;

A1 Fresnel lens
As mentioned in Section 2, the Fresnel principle can be
applied to laser-controlled optics to reduce the power
requirement for the controlling beam. Figure A1 illustrates
the spatial refractive index proﬁle for both a graded index
lens and its Fresnel equivalent.
For a graded-index lens, the refractive index proﬁle is
assumed to be parabolic:


r2
ðA1Þ
nðrÞ ¼ n0 þ Dn 1  2 :
a
Here r is the radial spatial coordinate, a is the radius of
the lens, n0 is the ambient refractive index and Dn is the
additional refractive index induced on axis by the
controlling beam (Dn > 0 for a positive lens). The focal
length f of this lens is approximately given by
f∼

a2
;
2LDn

ðA2Þ

where L is the length of the refracting medium.
The induced refractive index n(r)–n0 is assumed to be
proportional to the controlling beam intensity
nðrÞ  n0 ¼ g⋅IðrÞ;

ðA3Þ

where g is the coefﬁcient of proportionality, which in
general may be positive or negative depending on the
properties of the refracting medium (i.e. in general an
increase in the controlling beam intensity may result in an
increase or decrease in the refractive index depending on
the sign of g).
The power requirement P for the controlling beam to
induce a positive graded-index lens (black curve in Fig. A1)
is given by
p Dn 2
⋅a :
ðA4Þ
P ¼ ∫a0 I ðrÞ⋅2pr⋅dr ¼ ⋅
2 g
For the equivalent Fresnel lens (blue curve in Fig. A1),
the spatial intensity proﬁle in the kth segment is given by
I k ðrÞ ¼ I ðrÞ  I ðrk Þ;

rk1  r < rk :

ðA5Þ

ðA6Þ

where P k ¼ ∫rrkk1 I ðrÞ⋅2pr⋅dr is the power required to
induce a graded refractive index proﬁle in the kth segment.
The area of the kth segment Ak ¼ p r2k  r2k1 ; hence the
expression for Fk reduces to
F k ¼ P k  I ðrk ÞAk :

ðA7Þ

To ﬁnd the total power required to induce the Fresnel
lens F, we sum over the power required for each element:
F¼

m
m
m
X
X
X
Fk ¼
Pk 
I ðrk ÞAk ;
k¼1

k¼1

ðA8Þ

k¼1

where m is the number of Fresnel elements. Taking
m
X
P k and assuming all segments have equal area
P¼
k¼1

Ak ¼ pa2 =m for simplicity,
F ¼ P  Ak

m
X
k¼1

I ðrk Þ ¼ P 

m
pa2 X
I ðrk Þ:
m j¼k

ðA9Þ

Evaluating the summation on the right-hand side of the
above expression,


m
m 
m 
X
Dn X
r2k
Dn X
k
I ðr k Þ ¼
1 2 ¼
1
g k¼1
g k¼1
m
a
k¼1
!
m
Dn
1X
m
k
¼
g
m k¼1




Dn
ð m þ 1Þ
Dnm
1
m
1
¼
¼
: ðA10Þ
g
2
2g
m
The expression for F then reduces to


pDna2
1
P
1
F ¼P
¼P P þ ;
m
m
2g

ðA11Þ
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leading to the ﬁnal result
F¼

P
:
m

ðA12Þ

i.e. that the power requirement to induce a Fresnel lens
with m elements of equal area is a factor of m lower than
that required to induce a parabolic graded-index lens with
the same focal length.

A2 Fresnel Prism
The same result F = P/m is obtained for a linear refractive
index proﬁle (prism), which would be required to
implement beam deﬂection (Fig. A2). A ray passing
through a medium of length L and refractive index gradient
dn=dx is deﬂected by an angle ∼L ⋅ dn/dx.
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