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Abstract

Anti-tetra missing rib auxetic honeycombs represent a typical class of auxetic metamaterials exhibiting pronounced negative Poisson’s ratio (NPR) effect. Conventional straight-ligament designs tend to incur stress concentrations at local nodes, whereas wavy configurations can effectively alleviate this issue. To elucidate the intrinsic relationship between microscopic geometric features and macroscopic mechanical properties, and to provide theoretical guidance for parameter-oriented structural design, this study develops an analytical model for the equivalent Poisson’s ratio and elastic modulus of a sinusoidal anti-tetra-missing rib honeycomb (SATMRH) based on the energy method within the small-deformation framework. Finite element (FE) simulations are conducted to validate the analytical formulations. The results show that the proposed model agrees well with the numerical predictions and accurately captures the influence of geometric parameters on the macroscopic equivalent mechanical properties. Moreover, it is revealed that the structure maintains a nearly constant negative Poisson’s ratio of approximately –0.65, regardless of geometric variations, allowing stiffness tuning without sacrificing auxeticity. This work offers reliable theoretical support for the structural design and performance tailoring of ligament-based anti-chiral auxetic metamaterials.
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1 Introduction
Auxetic metamaterials are a class of architected materials exhibiting a negative Poisson’s ratio (NPR) [1,2]. When subjected to tensile loading, these materials expand laterally, displaying unconventional mechanical behavior that is difficult to achieve with conventional materials. Owing to their unique geometric tunability and multifunctional coupling characteristics, auxetic metamaterials have shown broad potential in energy absorption, flexible support, vibration control, smart regulation, and reconfigurable devices [3–13]. In recent years, honeycomb-shaped auxetic structures designed based on geometric configuration have attracted significant attention due to their lightweight, high strength, manufacturability, and parametric design capability [14–18]. Among these, optimizing the unit-cell geometry to tailor macroscopic performance has become a central research strategy.
Among various auxetic honeycombs, most adopt straight-ligament connections. While these structures are theoretically straightforward and exhibit clear deformation mechanisms, they often experience stress concentration at the junctions between nodes and connecting ligaments under loading, leading to local stiffness discontinuity and degradation of mechanical performance. To address this limitation, researchers have proposed curved-wall or curved-ligament honeycombs, which introduce geometric curvature to distribute stress, enhance compliance, and improve energy absorption. Replacing the straight ligaments with wavy ligaments, Zhu et al. [19,20] proposed wavy hexa-chiral and hexa-missing rib auxetic honeycombs with enhanced auxetic behavior in large deformations. Subsequently, Singh et al. [21] employed the wavy hexa-chiral configuration as the core layer of sandwich panels to enhance their resistance against blast loads. Liu and Zhang [22,23] proposed a series of soft-network auxetic honeycombs capable of achieving tailorable negative Poisson’s ratios under large deformations, and conducted a theoretical investigation of their elastic constants. Zhang et al. [24] introduced an anti-tri-chiral auxetic topology featuring curved ligaments, demonstrating noticeable enhancements in its elastic response and capacity for energy dissipation. These studies highlight that introducing curvature is an effective strategy to improve mechanical properties of auxetic honeycombs and achieve tunable geometric functionality.
As a prominent representative of auxetic metamaterials, anti-tetra-chiral honeycombs exhibit unique geometric characteristics combining rotational and axial symmetry [25–29]. Their rotation core-ligament units undergo coordinated in-plane rotation under external loading, giving rise to a pronounced NPR performance. Depending on the form of the rotational core, anti-chiral configurations can be categorized into conventional anti- tetra-chiral structures, which employ circular rings, and missing rib anti-tetra-chiral structures (usually shorted as anti-tetra-missing rib structures), which use supporting frames as the central element. To further enhance the local mechanical response, researchers have incorporated wavy ligament designs into anti-tetra-chiral honeycombs. Introducing an effective and straightforward design-optimization framework, Wang et al. [30] developed both anti-tetra-chiral and anti-tetra-missing-rib lattices under prescribed stiffness constraints, enabling the realization of tailored effective mechanical properties. Zhang et al. [31] and Zhu et al. [32] further extended this line of research by developing inter-locking modular discrete structures based on the wavy anti-tetra-missing-rib configuration, and systematically investigated its crashworthiness performance. However, interestingly, investigations into the effective elastic properties of wavy anti-tetra-chiral structures are still lacking, limiting their practical design optimization and multifunctional applications.
Motivated by this, the present study investigates a sinusoidal anti-tetra-missing rib honeycomb (SATMRH). Within the small-deformation assumption, an analytical model for its equivalent elastic modulus and Poisson’s ratio is developed based on the energy method, and validated through FE simulations. The effects of geometric parameters, including wavelength, amplitude, and ligament thickness, on the equivalent elastic constants are systematically analyzed, revealing the modulation mechanism of macroscopic mechanical properties by the sine-shaped wavy anti-tetra-missing rib honeycomb.
2 Geometric description
The geometry of the SATMRH is depicted in Figure 1. The unit-cell of the structure consists of four interlaced sinusoidal ligaments, with an equation of
[image: Mathematical equation](1)
where L, A and ω are the wavelength, amplitude and angular frequency of the sinusoidal ligaments, respectively. It is also indicated in Figure 1 that the structure can be fully described by three geometric parameters, i.e., the wavelength L (which also equals to the edge length of the unit-cell), amplitude A, thickness W of the ligaments. Noted that all the length parameters are measured along the neutral axis.
In addition, the structure investigated in this paper is a two-dimensional configuration, with its out-of-plane thickness normalized to unity.
Moreover, for clarity and consistency, a baseline set of geometric parameters is adopted in the subsequent analyses, specified as L: A: t=20: 3: 0.5 (units: mm).
	[image: Thumbnail: Fig. 1 Refer to the following caption and surrounding text.]	Fig. 1 Geometric description of the sinusoidal anti-tetra-missing rib honeycomb.



3 Theoretical modelling
In this section, an energy-based approach (referring to Mousanezhad et al. [33]) is employed to derive theoretical expressions for the elastic constants of the SATMRH within the framework of linear infinitesimal elasticity. Noted that the SATMRH exhibits anisotropy, resulting in mechanical properties that vary with the loading direction. For the purpose of theoretical analysis, attention is restricted to a single loading direction (the horizontal direction, as illustrated in Fig. 2) to simplify the derivations.
Typically, we can analyze the effective elastic modulus and Poisson’s ratio of a honeycomb by applying a a far-field uniaxial tensile stress σx in the horizontal direction, as shown in Figure 2a. Figure 2b further provides a detailed free-body diagram (FBD) of the smallest repeating unit (SRU), which is defined by cutting lines K1 − K4. In this figure, the numbers “1”, “2”, “3”, and “4” indicate the external cut points of the sinusoidal ligaments. The following provides a further description. Owing to the two-fold rotational symmetry of the geometry and applied loads, corresponding external cut points in Figure 2b experience identical forces and moments. Furthermore, due to the axial symmetry of the structure and loading with respect to the cut lines as shown in Figure 2a, points “2” and “4” are free of forces in the horizontal direction. Similarly, points “1” and “3” are free of forces in the vertical direction. Consequently, under the applied far-field stress σx, the forces and moments acting on the SRU are illustrated in detail in Figure 2b, where M and M′ represent two unknown moments, and F is expressed as a function of the applied stress
[image: Mathematical equation](2)
Considering the moment equilibrium in the our-of-plane direction yields
[image: Mathematical equation](3)
By accounting for both membrane and bending energies, the strain energy stored in the SRU is given by
[image: Mathematical equation](4)
The first term represents the membrane energy induced by the force F, while the latter two terms correspond to the bending energy contributions arising from the force F and the moment M, respectively. Moreover, S and I are the cross-sectional area and moment of inertia of the ligament, respectively (for a rectangular cross-section with unit thickness, S = t and ***[image: Mathematical equation]) and Es denote the elastic modulus of the base material. In addition, α denotes the angle between the tangent to a point on the sinusoidal ligament and the x-axis, as illustrated in Figure 1. Accordingly, α is expressed as
[image: Mathematical equation](5)
Applying Castigliano’s theorem, a geometric condition is required to ensure that all corresponding outer ligaments in the SRU remain parallel under deformation. We hence have a constraint condition as
[image: Mathematical equation](6)
Substituting the strain energy from equation (4) into this constraint condition, we have
[image: Mathematical equation](7)
with
[image: Mathematical equation](8)
In view of equations (3), (4), and (7), the strain energy of a SRU is finally rewritten as
[image: Mathematical equation](9)
Further according to Castigliano’s second theorem, i.e., ***[image: Mathematical equation], the total displacement at points “1” and “3” in the horizontal direction (denoted as δx) is given by
[image: Mathematical equation](10)
The effective elastic modulus (denoted as ***[image: Mathematical equation]) of the structure, normalized by the base material’s elastic modulus Es, is then defined as
[image: Mathematical equation](11)
Next, to determine the effective Poisson’s ratio (denoted as ν¯), a pair of vertical virtual forces acting on the cut points of the SRU is considered, as illustrated in Figure 2c. Two virtual forces of magnitude P are applied at points “2” and “4”. It should be noted that the overall equilibrium of the structure must still be maintained after applying the virtual forces, so a bending moment of 1/(4PA) is applied at each node. The strain energy of the SRU can then be modified as
[image: Mathematical equation](12)
The first two terms represent the membrane energy, while the latter two terms correspond to the bending energy, respectively.
Applying Castigliano’s theorem again, the displacement of point “4” relative to point “2” in the vertical direction is obtained as
[image: Mathematical equation](13)
In view of equations (10) and (13), the effective Poisson’s ratio ν̄ of the SATMRH is derived as
[image: Mathematical equation](14)
	[image: Thumbnail: Fig. 2 Refer to the following caption and surrounding text.]	Fig. 2 (a). Schematic diagram of the SATMRH under uniaxial load; (b) free-body diagram of a smallest repeated unit (SRU), defined by symmetric cut-lines through the sinusoidal ligaments to ensure identical boundary forces and moments at corresponding cut points; (c) free-body diagram of a SRU incorporating the virtual force.



4 Validations and discussions
In this section, FE simulations are conducted to substantiate the theoretical expressions derived in Section 3, and to further elucidate the dependence of the effective elastic constants on the relevant geometric parameters.
The FE analyses are carried out in ABAQUS using four-node bilinear quadrilateral elements under plane-strain conditions (CPS4). Based on a preliminary mesh-refinement study, an element length of 0.25W is adopted to ensure sufficient accuracy. As the theoretical formulations were established within the small strain regime, geometric nonlinearity is omitted in the present simulations. For the base material, the mechanical properties of VeroBlue RGD840 are adopted, with a Young’s modulus of 2 GPa and a Poisson’s ratio of 0.35 [34, 35]. Moreover, to minimize boundary effects, computational homogenization is performed on a unit-cell subject to periodic boundary conditions (PBCs), referring to Zhu et al. [19, 20].
Figures 3–5 illustrate how the three key geometric parameters (L, A, and t) influence the theoretically predicted effective elastic constants of the SATMRH, together with their validation through FE simulations. Noted that for each geometric parameter, its effect is analyzed while the other geometric parameters are kept constant. As shown in the figures, the FE results exhibit excellent agreement with the theoretical predictions. Tables 1–3 further summarize the discrepancies between the FE simulated and theoretical results, with the maximum relative error remaining within 5%, thereby confirming the reliability of the proposed model.
As further illustrated in Figures 3–5, variations in the geometric dimensions have almost no influence on the Poisson’s ratio of the structure. Across all configurations, the structure consistently maintains a robust negative Poisson’s ratio of approximately –0.65. This indicates a desirable decoupling between stiffness tuning and auxetic behavior, demonstrating that the structural stiffness can be adjusted without compromising its auxeticity, which is highly advantageous for practical engineering applications.
In addition, the influence of each geometric parameter on the effective elastic modulus can be further clarified. The wavelength L is negatively correlated with the elastic modulus, since increasing L reduces the relative density of the structure, thereby lowering its stiffness. Similarly, the amplitude A is also negatively correlated with the elastic modulus, because a larger amplitude increases the flexibility of the ligaments, which clearly reduces the overall stiffness. In contrast, the thickness t exhibits a positive correlation with the elastic modulus, consistent with observations in other auxetic honeycomb structures.
Noted that the theoretical formulation in this work is developed within the framework of linear elasticity and small deformations, which is appropriate for evaluating the initial elastic response and effective elastic constants of the SATMRH. For moderate or large deformation regimes, geometric nonlinearity, ligament rotation, and potential contact effects may become significant, and the current analytical model may no longer be directly applicable. In such cases, nonlinear FE simulations and extended theoretical formulations would be required.
Nevertheless, despite the limitation associated with the small-deformation assumption, the proposed analytical model offers a highly efficient and physically transparent tool for rapid evaluation of effective elastic constants. Once the geometric parameters are specified, the analytical formulation enables instant predictions without the need for meshing, boundary-condition implementation, or iterative numerical solving. In contrast, FE-based homogenization generally requires repeated simulations, which can be computationally expensive when exploring multi-dimensional design spaces.
As a result, the proposed model is particularly advantageous for preliminary design, rapid parametric studies, and geometry optimization, while FE simulations remain essential for nonlinear and large-deformation analyses.
	[image: Thumbnail: Fig. 3 Refer to the following caption and surrounding text.]	Fig. 3 Theoretical (lines) and FE (symbols) results of the effective elastic constants of the SATMRH over a range of the wavelength of the ligament (A=3; t=0.5). It is observed that the effective Poisson’s ratio remains nearly constant across the investigated range of L.



	[image: Thumbnail: Fig. 4 Refer to the following caption and surrounding text.]	Fig. 4 Theoretical (lines) and FE (symbols) results of the effective elastic constants of the SATMRH over a range of the wave amplitude of the ligament (L=20; t=0.5). It is observed that the effective Poisson’s ratio remains nearly constant across the investigated range of A.



	[image: Thumbnail: Fig. 5 Refer to the following caption and surrounding text.]	Fig. 5 Theoretical (lines) and FE (symbols) results of the effective elastic constants of the SATMRH over a range of the thickness of the ligament (L=20; A=3). It is observed that the effective Poisson’s ratio remains nearly constant across the investigated range of t.



Table 1 
Theoretical and FE results of the effective elastic constants for different wavelengths L.

Table 2 
Theoretical and FE results of the effective elastic constants for different wave amplitudes A.

Table 3 
Theoretical and FE results of the effective elastic constants for different thickness t.

5 Conclusions
This study presents a comprehensive analytical framework for evaluating the equivalent mechanical properties of a sinusoidal anti-tetra missing rib honeycomb (SATMRH). The proposed model shows excellent agreement with FE simulations, confirming its accuracy and applicability. The results clarify the role of key geometric parameters in tailoring structural stiffness, while demonstrating that the negative Poisson’s ratio remains nearly constant at approximately –0.65, irrespective of geometric variations. The key findings of this study can be summarized as follows:
(1) Validated analytical model
An energy-based analytical formulation was developed for predicting the effective elastic modulus and Poisson’s ratio, and its accuracy was verified through FE simulations.
(2) Decoupling of stiffness and auxeticity
Geometric parameters significantly influence the effective stiffness, yet the structure consistently maintains a stable NPR of about –0.65, enabling stiffness tuning without sacrificing auxetic behavior.
These findings provide solid theoretical support for the design optimization and performance customization of ligament-based anti-tetra-chiral auxetic metamaterials.
Specially, from an application-oriented perspective, the decoupled tunability between auxetic behavior and structural stiffness demonstrated in this work provides notable advantages for engineering design. The ability to maintain a stable negative Poisson’s ratio while independently tailoring stiffness through geometric parameters makes the proposed SATMRH particularly suitable for applications such as impact mitigation and energy absorption, flexible supports and vibration isolation, as well as lightweight protective and adaptive structures. In these scenarios, geometry-based stiffness regulation can be achieved without compromising the intrinsic auxetic mechanism, offering enhanced design flexibility for multifunctional structural systems.
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      Theoretical and FE results of the effective elastic constants for different wavelengths L.

      
        


	Elastic modules Ȳ, 10−4
	Poisson’s ratio 



	

	




	L
	FE
	Theory
	Error
	FE
	Theory
	Error





	20
	3.52
	3.43
	2.65%
	–0.666
	–0.662
	0.74%



	25
	2.92
	2.84
	2.70%
	–0.671
	–0.654
	2.65%



	30
	2.49
	2.42
	2.82%
	–0.674
	–0.648
	3.86%



	35
	2.17
	2.10
	3.01%
	–0.676
	–0.645
	4.68%





      

    

  
    
      Table 2 

      Theoretical and FE results of the effective elastic constants for different wave amplitudes A.

      
        


	Elastic modules Ȳ, 10−4
	Poisson’s ratio 



	

	




	A
	FE
	Theory
	Error
	FE
	Theory
	Error





	2.5
	5.22
	5.06
	3.20%
	–0.672
	–0.659
	1.89%



	3
	3.52
	3.43
	2.65%
	–0.666
	–0.662
	0.74%



	3.5
	2.50
	2.45
	2.30%
	–0.661
	–0.666
	0.74%



	4
	1.85
	1.81
	2.05%
	–0.655
	–0.67
	2.32%





      

    

  
    
      Table 3 

      Theoretical and FE results of the effective elastic constants for different thickness t.

      
        


	Elastic modules Ȳ, 10−4
	Poisson’s ratio



	

	




	t
	FE
	Theory
	Error
	FE
	Theory
	Error





	0.5
	3.52
	3.43
	2.65%
	–0.666
	–0.662
	0.74%



	0.6
	6.21
	5.89
	5.22%
	–0.666
	–0.666
	0.04%



	0.7
	9.99
	9.29
	7.01%
	–0.667
	–0.670
	0.50%



	0.8
	14.9
	14.0
	6.04%
	–0.668
	–0.676
	1.22%



	0.9
	21.4
	19.0
	11.22%
	–0.667
	–0.682
	2.26%



	1
	29.2
	26.0
	10.96%
	–0.667
	–0.689
	3.33%
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